ABSTRACT One-dimensional electrochemical cellular automata have been extended to incorporate a system of 300 × 300 cells for considering the flow of an electrolytic solution. The random-walk method is employed to deal with this problem in two steps: First, the velocity potential is determined as a steady-state solution. Second, the modified concentration, i.e., the product of the velocity potential and the concentrations of the oxidized and reduced chemical species, is calculated with the simultaneous application of the electrostatic potential. The model is applied to the calculation of the Cottrell current, or the transient response to the step voltage, and the results indicate that the limiting currents linearly increase with increasing flow velocity.
Introduction
Electrochemical cellular automata (ECA) comprise an array of cells characterized by a set of C Ox and C Rd , where C Ox and C Rd are concentrations of oxidized (Ox) and reduced (Rd) chemical species, respectively, and the values of C Ox and C Rd define a cell state. [1] [2] [3] [4] [5] [6] [7] One-dimensional ECA (1D-ECA) have been invented to provide students with a simple, yet versatile approach to assist in their understanding of various electrochemical problems. Furthermore, 1D-ECA can also be implemented on mobile devices, 7 and therefore may be used as a course material. The 1D-ECA model has been successfully applied to the following problems: 1) the Cottrell equation: When a step voltage is applied at time t = 0, the current decays as t ¹1/2 ; 1 2) Various features of cyclic voltammograms, such as peak potential separation 3 and sweep rate dependence of the peak intensity; 4 3) Chemical impedance; 7 and 4) For confirming whether the uniform flow over the electrode affects the Cottrell current in a manner such that the limiting current for t ¼¨does not vanish, since mass transport affects the diffusion-based current balance. 6 Nevertheless, the last point is doubtful as the uniform flow in one dimension is a mathematical construct that does not occur in actual situations. This paper reports on the extension of an ECA model to consider two-dimensional flow as simply as possible. In addition, a minimum realistic model is established for facilitating operation on an ordinary personal computer, and a system of 300 © 300 cells is demonstrated as a reasonable choice for such a model.
Herein, the following single-electron transfer process is assumed to occur on an electrode immersed in a homogenous electrolytic solution, flowing in one direction:
Rd ð1Þ
Here, rate constants k f and k b represent the forward and backward reactions, respectively, proceeding toward equilibrium. The method is applied to the transient response to the step voltage, which is expected to make the effects of flow most discernible. One may argue that the present approach is outdated in light of recent developments in three-dimensional electrochemical simulation programs, [8] [9] [10] particularly those based on the finite-element method. 9 Although these programs are definitely excellent tools for research and development, they are not suitable for rapid use. Hence, the model proposed herein is simple and practical for facilitating the fundamental understanding of this topic.
Analytical Formulation
Before determining a formulation in terms of a cellular automaton, which is a type of a discrete model, let us first analytically formulate the model in a continuous ðx; yÞ-space. First, we define the region of interest ³, where the electrochemical process described in (1) occurs and the resulting concentration change is appreciable. ³ is located in the neighborhood of the electrode at the origin, x = 0, y = 0, but ³ increases in size as the electrochemical process progresses. Beyond ³, there exists a complementary region, " . Next, let us assume that the flow is described by the velocity potential ºðx; yÞ, 11 which satisfies the Laplace equation
@y 2 , and yields the following flow vector v ¼ Àrº:
Finally, let us define the modified concentration, Qðx; y; tÞ, as the product of the (relative) velocity potential and the concentration Cðx; y; tÞ Qðx; y; tÞ ¼ ºðx; y; tÞ º 0 Cðx; y; tÞ:
Here º 0 is the value of º at some reference point in the electrolytic solution. The change in Cðx; y; tÞ can be calculated from the change in Qðx; y; tÞ, which satisfies the diffusion equation
where D is the diffusion coefficient. Inserting Eq. (4) into Eq. (5) gives the following equation for Cðx; y; tÞ
which describes the diffusion along the stream line, 11 provided that (7) holds true in the low-velocity regime, where the change in R vðsÞds is relatively small as compared to º 0 along the streamlines within ³. The condition, however, need not be satisfied in the region " , as the concentration gradient jrCðx; yÞj is negligible.
In the subsequent sections, Eqs. (2) and (5) are dealt with by the random-walk method. 12 From the view point of numerical analysis, these partial differential equations are not solved, as in the simulation software. [10] [11] [12] Instead, the ECA is represented as an assembly of cells of a fixed size, and iteration is performed at fixed time steps. Hence, the results are not accurate, but from this analysis, essential features can be elucidated.
Two-Dimensional Electrochemical Cellular Automata

Configuration of cells
Let an electrode be immersed in an electrolytic solution flowing from right to left. The solution is represented by n © n cells situated on the square grid, as shown in Fig. 1 , where the value of n = 13 has been made sufficiently small such that the configuration of cells can be easily understood. The electrode ranges between y e = 1 and ¹y e and its right surface faces an incoming liquid flow, and X represents the position at which º 0 is evaluated. The system size is also specified by the ranges of both the x-coordinates (x max = 6, x min = ¹x max ) and the y-coordinates ( y max = x max , y min = ¹y max ). These parameters have integer values, and n is related to x max by n = 2x max + 1.
The position of the cell can be specified as follows:
The cells with a line in Fig. 1 are boundary cells, wherein the boundary comprises the upper and lower walls, the walls of electrode and its support, and a source and sink for the liquid flow. The boundary cells serve to define the state of the adjacent white cell. For example, the three filled circles control the electrochemical reaction (1) .
The lined cells enclose the white cells, which are iteratively manipulated by the algorithm. For example, five white cells inside a shaded cross in the bulk region of Fig. 1 obey the random-walk algorithm. 12 In passing a similar idea has also been explored as the cellular automata characterized by discrete internal states. 13 If the state of a cell is denoted as Z k i; j , then the random-walk algorithm yields the next state as follows:
For confirming that Eq. (8) solves the diffusion problem, let Eq. (8) be subtracted by Z k i; j , and let the step parameters tend to be infinitely small. 12, 14 It can then be shown that such a Z parameter satisfies the following equation:
In addition, Eq. (9) suggests that a stationary solution of Eq. (8) solves the Laplace Eq. (2). It should be stressed that the subtraction by Z k i; j is only necessary for establishing the relationship with the analytical model.
Cell states
As described above, the cells take on two quantities depending on the stage. In the first stage, the cell state is the velocity potential, producing the series Z 
where n c is the number of cells iterated, and ¾ is defined before iteration. If iteration fails to satisfy this condition, N t is chosen as the upper limit of iterations. Initial values of the cells are chosen as follows:
where x i is the value of x-coordinate corresponding to i, and w = y max /( y max ¹ y e ). ¦º can be called the velocity parameter as
Once the velocity-potential distribution has been established, electrochemical processes can readily proceed, and the cell state is switched to the modified concentration Q
where P k i; j is the two-component vector at ðx i ; y j Þ:
Boundary conditions 3.3.1 Velocity potential
If any of the surrounding cells belong to the boundary, the basic form (8) should be altered accordingly. If the cell is located at x min or x max of Fig. 1 , the fixed boundary condition is applied. The source cell, for example, satisfies
where º H , a constant, equals º at x = x max (see Eq. (12)). The algorithm is schematically represented by a shaded cross in Fig. 1 . Similarly, the other constant, º L , is defined at x = x min (Eq. (13)). 
in which four cells are involved.
Modified concentration
No change will be observed for Q until the electrochemical processes begin at the electrode as its factor º is already a steady-state solution of Eq. (8) . In this sense, the reactive cells that interface with the filled cells of Fig. 1 are crucial. Those reactive cells participate in electron transfer based on the following rules: [1] [2] [3] [4] [5] [6] [7] (i) Ox changes to Rd with a probability of 1 2 r f ðEÞ within the time division ¦t, where E is the electrostatic potential at the electrode. Hence, Ox remains unchanged with a probability of 1 2 ½1 À r f ðEÞ. In these expressions, the factor 1 2 is the probability of moving toward the electrode, and r f (E) is defined as follows
where E eq is the equilibrium potential, V T = 25 mV at room temperature, and the Greek letter¯controls the rate of electron transfer. K RO is the asymmetry parameter for the forward and backward reactions. The number of electrons transferred from a filled circle to a reactive cell is 
The number of electrons transferred in the opposite direction is 
where A is a 2 © 2 transition matrix defined as follows:
Next, the boundary condition of Q on the right and left sides of Fig. 1 is given as reflective. If the value of n is sufficiently large, then no change will be observed for Q at these ends, and the expression for the boundary condition is expressed as follows:
where i = x max ¹ 1 or x min + 1. The current density, corresponding to the electrical current I k per cell after the k-th iteration, is proportional to
where the summation extends to the white cells adjacent to the filled circles in Fig. 1 , the number of which is n e . The use of the probabilities r f and r b implies that ¦t must be appropriately selected. In fact, ¦x and ¦t are determined from the standard rate constant 15 and the diffusion coefficient for onedimensional systems, 4 which can also be applied to two-dimensional systems.
Results and Discussion
Numerical calculations were carried out on an ordinary personal computer (with a clock rate of 2.5 GHz and an internal memory of 4 GB) for several values of x max up to 150, as it was found that x max = 200 was too large a value to be run. The set of velocitypotential equations was iterated until either of the convergence conditions, N t = 20,000 or X = 10
¹6
, was reached in Eq. (11) . All parameters used were dimensionless except for E.
Velocity vectors
First, for checking the velocity-potential algorithm, the derivatives of º i, j were calculated as the differences between the adjacent cell values. The result for Fig. 1 (x max = 6 , n = 13) is shown in Fig. 2 , which seems to reveal essential features of the flow.
Cottrell currents
Next, the step response was calculated for the following set of parameters: E eq = ¹500 mV, K RO = 1, and C Ox = C Rd = 50. The diffusion coefficients were assumed to be equal for Ox and Rd. The voltage was applied in two steps to ascertain whether the model system appropriately responded to the electrical potential. Thus, a voltage of ¹450 mV is applied to the electrode at t = 0, and after 50 time steps, the voltage is switched to ¹900 mV.
The results are shown in Fig. 3 for x max = 150, n = 301, n e = 29, and ¦º = 0.5. Figure 3(a) shows the current density I k , and Fig. 3(b) shows the profile of Q for the Ox and Rd components along the center line at y = 0 and x = x min to x max of Fig. 1 . Since the voltage is lowered from the equilibrium potential, the reduction process Ox ¼ Rd prevails on the electrode, but the concentration change does not propagate to the end points. Hence, n = 301 is a reasonable choice. The base line of Fig. 3(b) indicates a positive slope, and its variation inside ³ is less than 10%. The inherent difficulty in the second term of Eq. (6) therefore does not seem to adversely affect calculations, at least in early time steps when the concentration changes are confined in the narrow region around the electrode.
The falling tail of Fig. 3(a) was fitted using the following function:
where the fitting parameters are positive, and the origin is shifted such that t = 0 is at the peak of the curve. The fitting procedure optimized the following equation:
where N = 400. Figure 4 plots the limiting current I¨against the velocity parameter ¦º, where the uncertainty · I is less than 0.1. The points can be fitted by a straight line. The fact that the intercept at ¦º = 0 is finite can be explained by the dimensionality of this model, in two-dimensional systems, the consumed Ox is rapidly compensated for by the neighboring Ox but the produced Rd readily spreads from the electrode. Hence, the forward and backward reactions in (1) tend to proceed in an asymmetric manner. Next, the flow affects the transient current such that I¨linearly increases with the velocity because of the enhanced mass transport. These features of I¨can be expected to be observed for microelectrodes as ¦x is on the order of 0.1-10 µm 4 .
Conclusion
In this study, a two-dimensional electrochemical system, incorporating fluid flow, is constructed and tested. The number of cells is approximately 300 © 300. The program is rather simple as both the velocity potential º and the modified concentration Q follow similar flow charts of the computer program.
The computation time for such a system is another factor that needs to be considered. A system of 300 © 300 cells requires approximately 5 min for the computation of º, but there is room for improvement in the program itself. Hence, for understanding the electrochemical phenomena affected by fluid flow, the presented two-dimensional approach should prove useful. Electrochemistry, 85(1), 23-26 (2017) 
